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Abstract 

We discuss the implications of an experiment in which the frequencies of two laser beams are compared for different 
intensities in order to search for a dependence of the frequency of light on its intensity. Since no such dependence was found 
it is possible to place bounds on a description of the electromagnetic field in terms of q-oscillators. We conclude that the 
value of the nonlinearity parameter is smaller than lo-“. 

1. Introduction 

The q-oscillators [ 1,2] have been introduced in 
the study of the mathematical structures of quantum 
groups [ 31 which are used to explain the peculiar- 
ities of the rotational spectra of nuclei [ 41. The q- 

deformation changes the Brownian motion [ 51. The 
physical nature of q-oscillators is not clear yet. It 
is related sometimes to the problem of fundamen- 
tal length [6,7] or to the discrete structure of time 
[ 81. The quantum group structure may be related to 
nonlinear modifications of quantum mechanics [9- 
Ill, reviewed in Ref. [ 121. The nonlinearity of vi- 
brations produces also changes in the Bose distribu- 
tion [ 13,141. In Refs. [ 15,161 an interpretation of 
the q-oscillators as usual nonlinear oscillators with 
specific exponential dependence of the oscillator fre- 
quency on the amplitude of vibrations was suggested. 
Such a hypothesis leads to the same algebraic struc- 
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ture of the commutation relations in the quantum case 
and Poisson brackets in the classical domain that the 
q-oscillators of Refs. [ 1,2] have. Some predictions 
have been formulated on the basis of this hypothesis. 
If q-nonlinear vibrations are considered as vibrations 
of the real electromagnetic field, they must be “visi- 
ble” for a high field intensity as for nonlinearities of 
any kind. In particular, a dependence of the light fre- 
quency on its intensity has been proposed in Ref. [ 171. 
It implies that for increasing electromagnetic field in- 
tensity the frequency increases, which is not the case, 
of course, for linear Maxwell electrodynamics. While 
the nonlinear phenomena in media electrodynamics 
are well known and they are the base for nonlinear op- 
tics, the q-nonlinearity considered in this work would 
be a property of the electromagnetic field vibration in 
vacuum. 

In this paper, we discuss in the frame of the the- 
ory of q-nonlinearity the results of a simple experi- 
ment which allows one to set an upper limit to a pos- 
sible dependence of the frequency of light on the in- 
tensity. A heterodyne technique is used to compare 
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the frequency of two laser beams as their intensity 

is changed. Two narrow-band diode lasers are phase- 
locked with a fixed frequency offset and a portion 

of their output is mixed in a fast photodiode. The 
measurement of the frequency of the beat note pro- 

vides a very sensitive method to detect small frequency 

changes. Although the work is motivated by the inter- 
pretation of q-oscillators as describing the q-nonlinear 
vibrations of the electromagnetic field, the accuracy of 

the experiment allows one to set an upper limit to any 
dependence of the “colour” of light on the intensity. 

In the next section, we describe shortly the theory of 
q-oscillators and review the results of Refs. [ 15-171. 

In Section 3, the experimental setup is described. The 

results of the experiment are discussed in Section 4. 

2. q-vibrations 

The photon creation and annihilation operators a 
and ut satisfy the boson commutation relations, 

a.+ --+a= 1. (1) 

The one-mode Hamiltonian describing the electro- 

magnetic field oscillations is taken as the Hamiltonian 

of the usual harmonic oscillator 

H= ~rkc~(u+u+aa+), (2) 

which yields the Heisenberg equation of motion for 
the amplitude u, 

b(t) = -iwu(t). 

The solution of this linear equation is 

(3) 

u(t) = u(O) e-‘“‘, (4) 

and it is seen from this solution that for linear oscilla- 

tions the frequency does not depend on the amplitude 

of vibrations. 
The q-oscillator is described by the creation and an- 

nihilation operators u4, ai which satisfy the following 

relation [ 1,2], 

t t - --n 
uqaq - qa,a, - 9 . (5) 

Here the real number q = e*, the parameter A is con- 
sidered as the nonlinearity parameter [ 151, and the 
operator A = utu is the operator of the photon number 

in the mode. In Refs. [ U-171 it was suggested, using 
the nonlinear relations, that 

(6) 

which give relation (5). The modified Hamiltonian 

(2) has the form 

Hq = +Fiw( u$zq + uqai) 

= &{sinh[A( ata + l)] + sinh(Aata)}. 

(7) 

It describes nonlinear vibrations given by the Heisen- 

berg equation of motion 

a(t) = -iw[n]u(t), a(O) = a. 

The solution to this equation has the form 

(8) 

u(t) = a(0) exp{-G[u+(O)u(O)]t}, (9) 

The vibration frequency i;, depends on the amplitude 

and for large field intensities (n > 0) it has the form 

i;,=W -&cosh(An). (10) 

In the limit of a small nonlinearity, A 4 0 and the 

frequency i;, h w. 

The nonlinearity parameter A is supposed to be 
small and the “blue shift effect” [ 16,171, which is in- 
terpreted as a change of the frequency due to increas- 
ing number of photons in the mode, is described by 

6w 
- z$Pn=, Sw=G-w, (11) 
w 

which is the approximate expression (10) for A << 

1, n >> 0 and An < 1. This relation allows one to 
check experimentally whether there is a change of 
light frequency if one increases the photon number in 
the mode (field intensity). A null result in the search 

for a frequency shift provides an upper bound for the 
nonlinearity parameter A. 

3. Experiment 

The basic idea of this experiment is to search for a 
change of the frequency of laser radiation when its in- 
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Fig. 1. Scheme of the experimental apparatus. The two diode lasers 
are phase-locked with a frequency offset given by a frequancy 
synthesizer. Using a heterodyne scheme, the frequencies of the two 
laser beams at the photodetector PD2 are compared for different 
intensities. PD: photodetector: PC: polarizing cube; A/2: half-wave 
plate. 

tensity is varied. In this experiment, this was done by 
comparing the frequencies of two laser beams using 
a heterodyne scheme. The output of two narrow-band 
semiconductor diode lasers was mixed in a fast photo- 
diode. By varying the intensity of the beams, a depen- 
dence of the frequency of the beat note on the intensity 
was searched for. A very high accuracy was obtained 
by phase-locking one of the lasers to the other. In this 
way, the frequency difference at the output of the two 
laser sources was extremely stable and small changes 
could be observed. 

A simplified scheme of the apparatus used for the 
measurements reported in this paper is shown in Fig. 
1. Two diode lasers emitting at 850 nm were used as 
radiation sources. In order to reduce their linewidth, 
they were mounted in an extended-cavity configura- 
tion using optical feedback from an external grating 
[ 181. This allowed us to reduce the linewidth to about 
50 kHz. The output of the lasers was the zero-order 
reflection from the grating. The output beam of each 
laser passed through an optical isolator, to avoid feed- 
back to the laser, and through an anamorphic prism 
pair to correct the elliptical cross section of the beam. 
At the output of the prisms the beam had a near- 
circular cross section with a diameter of 8 mm. 

The two diode lasers were phase-locked with a fre- 

quency offset of 9 GHz using the scheme described 
in Ref. [ 191. When two lasers are phase-locked, the 
frequency difference becomes equal to the frequency 
of the reference signal. The relative linewidth of the 
locked lasers is therefore negligible and is only lim- 
ited by the linewidth of the frequency generators and 
by vibrations of optical components. In the setup we 
used for this experiment, under locked conditions the 
measured phase error variance was less than 4 x low3 
rad’. 

The frequency difference between two laser beams, 
each coming from one laser, was measured by mea- 
suring the frequency of the beat note obtained at the 
output of the photodetector (PD2) on which the two 
beams were superposed. The two beams were com- 
bined on a beam-splitter and focused on the photode- 
tector using a 3 cm focal length lens. Before reaching 
the beam splitter, each beam passed through a vari- 
able attenuator formed by a half-wave plate and a po- 
larizing cube. The maximum power of each beam at 
the photodiode was 2 mW. The photodetector was a 
commercial InGaAs Schottky diode with a diameter 
of 25 micrometers. The conversion gain was 5 V/W. 
With an intensity of 0.1 mW per beam, the beat sig- 
nal at the output of the photodetector was -78 dBm, 
limited by the imperfect matching of the two beams 
at the detector. 

The beat signal from photodetector PD2 was ob- 
served. with an rf spectrum analyzer. The resolution 
bandwidth was 10 Hz. The peak frequency could be 
determined with a sensitivity of 1 Hz. After proper 
thermal stabilization of the apparatus, the fluctuations 
of the values obtained for the frequency of the beat 
signal were reduced to less than 1 Hz. 

Data were taken by measuring the frequency of the 
beat note with the spectrum analyzer while varying 
the intensity of the laser beams between 0.1 mW and 
2 mW using the variable attenuators. No dependence 
of the beat signal frequency on the light intensity was 
observed at the accuracy level set by the spectrum 
analyzer nor any change of the signal shape. 

It is worth stressing that the sensitivity of this 
method is extremely high. A fractional change of 
the frequency of lo- I4 would have been detected in 
this experiment. In fact, using essentially the same 
scheme illustrated here, the accuracy can still be im- 
proved by several orders of magnitude by electronical 
down-conversion of the beat note and FFT analysis. 
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Also, a higher laser power and better mode-matching 
on the photodiode would increase the significance of 
the results. 

4. Discussion 

The null result of this experiment can be translated 
into an upper bound for the nonlinearity parameter A. 
Assuming ideal conditions in which all the photons 
are in a single mode, at the maximum laser power of 
2 mW one obtains a photon number n M 10”. Us- 
ing Eq. (2) and considering the minimum frequency 
change 6w/w M lo-l4 detectable in this experiment, 
one obtains A < 10-17. This value is obtained un- 
der the ideal conditions mentioned above and assum- 
ing that the frequency of a mode depends only on the 
number of photons in that mode. A different bound for 
the parameter A is obtained, of course, if a different 
model is assumed in the interpretation of the experi- 
mental result. 

Several improvements of the method proposed here 
are possible. A possibility already mentioned above is 
to increase the sensitivity of the apparatus by electroni- 
cal down-conversion of the heterodyne signal and FFI 
analysis. Since the significance of the results increases 
with increasing power, the use of a higher laser power 
would be desirable. For high laser power, however, a 
different photodetector should be used. Such detectors 
are typically slow and this would force one to work at 
a smaller frequency difference. Reduction of the noise 
would then require a long integration time. As sug- 
gested in Ref. [ 151, other types of experiments can 
be envisaged in order to test the possibility of describ- 
ing electrodynamics using q-oscillators. An accurate 
test could be performed using interferometric meth- 
ods. Another possibility is to study the dependence of 
the time correlation function of the q-oscillator on the 
intensity. 
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